High frequency quasi-normal modes for black holes with generic singularities II: 
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The possibility that the asymptotic quasi-normal mode (QNM) frequencies can be used to ob- 
tain the Bekenstein-Hawking entropy for the Schwarzschild black hole — commonly referred to as 
Hod's conjecture — has received considerable attention. To test this conjecture, using monodromy 
technique, attempts have been made to analytically compute the asymptotic frequencies for a large 
class of black hole spacetimes. In an earlier work, two of the current authors computed the high fre- 
quency QNMs for scalar perturbations of (_D-|-2)-dimensional spherically symmetric, asymptotically 
flat, single horizon spacetimes with generic power-law singularities. In this work, we extend these 
results to asymptotically non-flat spacetimes. Unlike the earlier analyses, we treat asymptotically 
flat and de Sitter spacetimes in a unified manner, while the asymptotic anti-de Sitter spacetimes is 
considered separately. We obtain master equations for the asymptotic QNM frequency for all the 
three cases. We show that for all the three cases, the real part of the asymptotic QNM frequency - 
in general - is not proportional to /n(3) thus indicating that the Hod's conjecture may be restrictive. 
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I. INTRODUCTION 



Classical, damped perturbations about a fixed back- 
ground which propagate to spatial infinity are commonly 
referred to as quasi-normal modes (hereafter QNMs) (for 
excellent reviews, see Refs. [1, 2]). In general, for a grav- 
itating object like a star, QNM frequencies depend on (i) 
the properties of the perturbation such as, the source of 
the perturbation, the origin of perturbation, the duration 
of the perturbation etc. and (ii) intrinsic properties of the 
gravitating object. However, for the black hole space- 
times, the real (which corresponds to the frequency of 
the oscillation) and complex part (which corresponds to 
the damping rate) of the QNM frequencies are indepen- 
dent of the initial perturbations and thereby characterize 
the black hole completely. Due to this property, over the 
last three decades, the black hole QNM frequencies have 
attracted a considerable amount of attention. 

Although QNMs are purely classical and have no quan- 
tum mechanical origin, there have been indications - 
from two different fronts - that these carry some infor- 
mation about quantum gravity [3~6] . More specifically, it 
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has been shown that QNM can be a useful tool in under- 
standing the AdS/CFT correspondence. In other words, 
it has been shown that there is a one-to-one mapping 
of the damping time scales (evaluated via simple QNM 
techniques) of black holes in Anti-de Sitter spacetimes 
and the thermalization time scales of the corresponding 
conformal field theory (which are, in general, difficult to 
compute) [3, 4]. However, the primary reason for the re- 
cent interest in QNM comes from its connection to the 
black hole entropy [5, 6]. 

Based on NoUert's numerical result [7], Hod conjec- 
tured that the real part of the asymptotic QNM fre- 
quency should be treated as the characteristic transi- 
tion frequency of a Schwarzschild black hole [5]. Us- 
ing this conjecture and Bekenstein's conjecture - the 
black hole area must be quantized [8-10] - he obtained 
the Bekenstein-Hawking entropy for the Schwarzschild 
black hole. He also showed that this approach is com- 
patible with the statistical mechanical interpretation of 
black hole entropy. Later, Dreyer [6] reconciled Hod's 
result with the loop quantum gravity calculation for the 
Bekenstein-Hawking entropy (for criticism of this result, 
see Refs. [11-14]). 

NoUert's analytical result was confirmed analytically 
by two different methods [15, 16]. In Ref. [15], the au- 
thor used NoUert's continued fraction expansion for the 
4-dimensional Schwarzschild and showed that the asymp- 
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totic QNM frequencies are given by the following relation: 

u;^^^=27TiTH(n + ^^ + ThH3) + 0{n-'/^) , (1) 

where n is an integer and Th is the Hawking temperature 
of the Schwarzschild black hole. In Ref. [16], using the 
monodromy technique, the authors confirmed Nollcrt's 
result and showed that Eq. (1) also holds true for D- 
dimensional Schwarzschild spacetime. These provided 
tremendous impetus to verify Hod's conjecture for a large 
class of black hole spacetimes. (For a partial list of ref- 
erences, see [17-44].) 

Hod's conjecture rests heavily on the fact that the real 
part of the asymptotic QNM frequencies is proportional 
to the logarithm of an integer. The natural question 
which has lead to a considerable amount of attention 
in the field is the following: Is Hod's conjecture uni- 
versally valid for all black hole spacetimes? In an at- 
tempt to address this question, two of the current au- 
thors computed high frcriucncy cjuasi-normal frequencies 
for a single-horizon general spherically symmetric space- 
times with generic singularities and near-horizon proper- 
ties [38] (hereafter referred to as I). For these spacetimes, 
using the monodromy approach, a master equation for 
the asymptotic QNM frequency was obtained. It was 
also shown that the real part of the high frequency QNM 
has a logarithmic dependence whose argument need not 
necessarily be an integer. However, the result rests on 
the assumption of asymptotic fiatness. In this work, we 
extend the analysis for asymptotically non-fiat - de Sitter 
and anti-de Sitter - spacetimes. 

There have been attempts in the literature to obtain 
high QNM frequencies for asymptotically non-flat space- 
times [39, 40]. Recently, Natario and Schiappa [40] 
have done a detailed studied of (D + 2)— dimensional 
Schwarzschild dc Sitter and Anti-dc Sitter spacetimes. 
Our treatment differs from that of Natario and Schi- 
appa's analysis [40] in two ways: (i) As mentioned earlier, 
we do not assume any form of the metric except at the 
event-horizon and at the origin. At spatial infinity, we 
assume that the spacetime is asymptotically fiat, de Sit- 
ter or Anti-de Sitter, (ii) Broadly, the numerical results 
for the asymptotically flat, dc Sitter and Anti-de Sitter 
spacetimes suggest two classes of high frequency QNMs 
(see Sec. (IV A) for more details). We demonstrate that 
the two class of high frequency QNMs can be related to 
the two class of boundary conditions (see Sees. (V,VI) for 
more details). Thus, unlike the earlier analyses, we treat 
asymptotically fiat and de Sitter spacetimes in a unified 
manner, while the asymptotic anti-de Sitter spacetime is 
considered separately. 

The main results of the paper are as follows: (i) We 
obtain the master equations for the asymptotic QNM fre- 
quency for all the three cases [sec Eqs. (64,65, 74)]. (ii) 
We show that for all the three cases, the real part of 
the asymptotic QNM frequency, in general, is not pro- 
portional to ln{n) [where n is an integer] thus indicat- 
ing that the Hod's conjecture may not be valid for large 



class of black hole spacetimes. (iii) We show that, for 
all the three cases, the high QNM frequencies have an 
universal feature. The high QNM frequencies depend on 
the parameters of the metric in a specific manner i. e. 
{Dq - 2)/2 [see Sec. (VI) for more details]. 

The rest of the paper is organized as follows. In the 
next section, we briefiy discuss generic properties of the 
spacetime near the horizon(s), singularity and spatial in- 
finity. In Sec. (Ill), we briefiy discuss the scalar pertur- 
bations in the general spherically symmetric backgrounds 
and the boundary conditions for the asymptotic flat, de 
Sitter and anti-de Sitter spacetimes. In Sec. (IV), we 
discuss the numerical results for the asymptotically (non- 
)flat spacetimes and the key properties of the monodromy 
technique. In Sec. (V), we discuss the Stokes lines, con- 
tours and boundary conditions for all the three cases. In 
Sec. (VI), we obtain the asymptotic QNM frequencies 
for all the three cases. In Sec. (VII), we apply our gen- 
eral results to specific black holes. Finally, we conclude 
in Sec. (VIII) summarizing our results. 



II. SPHERICALLY SYMMETRIC BLACK HOLE 

In this section, we briefly review the key properties of 
spherically symmetric spacetime. (For more details, we 
refer the readers to I.) The line-elcmcnt for an interval in 
a {D + 2)-dimensional spherically symmetric spacetime 
{A4,g) (with a boundary dA4) is 

ds' = -f{r)de + ^ + P\r)dnl , (2) 
= /(r) [-dt" + + (r)d^l , (3) 

where /(r), g{r) and p{r) are arbitrary (continuous, dif- 
ferentiable) functions of the radial coordinate r, dflj^ is 
the metric on the unit and 

../^t^, (4) 

is commonly referred to as tortoise coordinate. The line- 
element (3) factorizes into the product of two spaces 
A4^ X S^, where A4^ is the 2-dimensional spacetime with 
Minkowskian topology. 

As in I, to keep the discussion general, we do not as- 
sume any form for /(r), g{r) and p{r). However, we 
assume the following generic properties of the spacetime: 
(i) The spacetime has a singularity (say, at r = 0). Near 
the singularity, we assume that the line-element is given 
by Szekeres-Iyer [45, 46] metric viz. (5) below, (ii) The 
spacetime has one event horizon (say at, r = r^). Near 
the event horizon, we assume that the line-element takes 
the form of Rindler metric, (iii) Towards the spatial in- 
finity (say, as r ^ oo), we assume that the spacetime is 
flat, de Sitter or Anti-de Sitter. In the rest of the section, 
we discuss the spacetime properties in these regions. 
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A. Generic singularity and horizon structure 

Near the singularity (r ^ 0), Szekeres-Iyer [45, 46] (see 
also, Rcf. [47]) had shown that a large class of spherically 
symmetric black holes (2) take the following form: 



Ri rjr 1 ay « ar +r auj-, (5) 

q 



where rj — ±1,0 corresponding to the space, time, null- 
like singularities and p, q are the power-law indices which 
are purely real. Comparing Eqs. (2, 5), we have 



9{r) q 



—r 1 ; p{r) = r , (6) 



and the corresponding tortoise coordinate is 



X ~ 



dr 



(7) 



It is interesting to note that x depends only on q and not 
on p. 

Near the horizon, we assume that the general spheri- 
cally symmetric line-element (2) takes the form of Rindler 
metric: 



ds' 



KiYdt' + dY+p'{rh)dnj,, (8) 



where 



Kh ' dr 2Kh vT 



and the tortoise coordinate is given by 
X ~ In (r - rh) ■ 

iKh 



rh 



(9) 



(10) 



B. Spatial Infinity 

In this sub-section, we discuss spatial asymptotic 
properties for the three cases - asymptotically flat, de 
Sitter and Anti-de Sitter spacetimes. 

Asymptotic flat spacetimes: 

A spacetime {M,g) is said to be asymptotically flat 
if it is asymptotically empty, i. e. i?^^ = in an open 
neighborhood of dA4 in M. A static observer in these 
spacetimes is bounded by the past /future event horizons 
and . 

The line-element (2) towards the spatial inflnity takes 
the following form: 



ds^ ~ -dt^ + dr^ + r^dnl 



(11) 



Comparing Eqs. (11, 2), we have 

/(r) = g{r) ^ 1; p(r) r; a; r . (12) 

For these spacetimes, from our assumption, there exists 
only one physical (real, positive) horizon at r = r/j 
whose surface gravity is given by the relation (9). 

Asymptotic de Sitter spacetimes: 

A static observer is bounded by the past/future event 
horizons and past /future cosmological horizons. Al- 
though the coordinate r goes up to oo, the physical region 
terminates at the cosmological horizon (r = rc, x ^ oo). 
For computation of conserved charges in asymptotically 
de Sitter spacetimes, see for instance, Ref. [48]. 

The line-element (2) at spatial infinity takes the fol- 
lowing form: 



^2 



ds'^ ~ — rft^ - %dr^ + r'^dnjj , 



(13) 



where is related to the {D + 2)-dimensional positive 
cosmological constant, i. e., 



A: 



D{D + 1) 
2P 



(14) 



Comparing Eqs. (2,13), we have 

f{r)=g{r) — ; p(r) ~ r; a: ~ xo -|- — . (15) 

In this case, unlike the previous two cases, the spacetime 
contains two physical horizons - event horizon (r = r^) 
and cosmological horizon (say, at r = Tc). The surface 
gravity at ru is given by (9). The surface gravity of the 
cosmological horizon is 



1 



lg{r)df{r) 



(16) 



2 1 y /(r) dr ; 

which we set to be negative. 

Asymptotic Anti-de Sitter spacetimes: 

A static observer in these spacetimes is bounded by the 

past/future event horizons and the finite spatial bound- 
ary. For computation of conserved charges in asymptot- 
ically anti-de Sitter spacetimes, see Ref. [49, 50]. 

The line-element (2) near the spatial infinity takes the 
following form: 



ds^:^-L-dt'+"-dr^+r^dn'' 



D ' 



(17) 



where is related to the {D -\- 2)-dimensional negative 
cosmological constant, i. e., 



A = - 



£>(£> + 1) 

2^2 



(18) 
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Comparing Eqs. (2,17), we have 

/(r) = g{r) ~ p{r) ~ r; a; ~ a;o - — , (19) 

where xq is asymptotic value of x and, in general, 
depends on the negative cosmological constant and black 
hole properties. For these spacetimes, as-well, there 
exists only one physical horizon, at r = r/i with surface 
gravity Hh as in (9). 



III. QUASI-NORMAL MODES 

In this section, we obtain the differential equa- 
tion corresponding to scalar field propagating in [D + 
2)— dimensional spherically symmetric spacetime (2) and 
discuss the "canonical" boundary conditions correspond- 
ing to the three cases. [By canonical, we mean the bound- 
ary conditions applied in the real x i.e. in the range 
(-00,00).] 



A. Scalar perturbations 

The perturbations of a (I?-|-2)-dimensional static black 
holes (2) can result in three kinds - scalar, vector and 
tensor - of gravitational perturbations (see for exam- 
ple, Ref. [51]). The higher dimensional tensor pertur- 
bations, which is of our interest in this work, correspond 
to the well-known four-dimensional Regge- Wheeler po- 
tential^. The evolution equation for these perturbations 
correspond to the equation of motion of the massless, 
minimally coupled scalar field, i. e., 

= ^ (y^s^^a.*) = . (20) 

The symmetry of the line-element (2) allows us to de- 
compose the scalar field modes as: 

^{x^) = p(r)-* R{r) e-* Yi™,...™,., , (21) 

where Yijni..mD-i are Hyper-spherical harmonics and the 
function R{r) satisfies the differential equation 

^^+y-V{r)]R{r)=0, (22) 



where x is given by (4), r is understood to be r{x) and 

v(^) = '-^^^^^pf^ /(•-) + (f ) p(>')-»v7w7W 

is the generalized Regge- Wheeler potential. Before dis- 
cussing the boundary conditions, it is important to know 
the structure of the singularities of the differential equa- 
tion at the three - O,r?t,rc(or 00) - points. For the dif- 
ferential equation (22), we have: (i) r = r/i is a regular 
singular point, (ii) r ^ 00 (relevant for the asymptot- 
ically flat and Anti-de Sitter spacetimes) is an irregular 
singular point, r = Tc is a regular singular point, (iii) 
In order for r = to be a regular singular point it can 
be easily shown that p, q must satisfy the following con- 
ditions (see I): 

q>0 and p-q + 2>0. (24) 

B. Canonical boundary conditions 

QNMs are solutions to the differential equation (22) 
subject to a specific (physically motivated) boundary 
conditions^. The Wronskian of these modes vanish which 
gives the corresponding QNM frequencies [2]. 

In order to obtain the QNM frequencies corresponding 
to the differential equation (22), we need to know the 
mode fimctions. The Regge- Wheeler potential is a 
complicated function of f{r),g{r) and p{r). Hence, in 
general, the differential equation (22) can not be solved 
exactly. In such a situation, asymptotic analysis is a 
useful tool to extract some physical information. In the 
case of QNM, the asymptotic analysis also provides us 
with the identification of the boundary conditions. 

Asymptotic flat spacetimes: 

The generalized Regge- Wheeler potential decays expo- 
nentially near the event-horizon and as a power-law near 
spatial infinity, i.e., 

V[r{x)] "1^°° exp {2Khx) ; V[r{x)] " ^ . (25) 

Thus, the general solution to Eq. (22) near the two 
boundary points is a superposition of plane- waves: 

R[x] Cf" exp{i(jx) + Cf exp(— iwa;) , (26) 

where Cf,C^ are the constants determined by the choice 
of the boundary conditions. QNM boundary condition 



^ Note that we loosely refer to these perturbations as scalar. This 

is due to the fact that there is a onc-to-onc correspondence be- 
tween the massless scalar field propagating in the fixed back- 
ground and the tensor perturbation equations derived from the 
linear perturbation theory. 



^ Note that, wc choose the sign of the exponent e*"' in equation 
(21) above, wc fix the sign Q(ti^) > 0. This is because G(ii^) < 
leads to solutions growing with time, which are unphysical. 
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corresponds to 

= 0; Ci+ = ^ R{x) ~ e^^''"^ as a; ^ too . (27) 

Physically, the boundary conditions mean that no clas- 
sical radiation emerge from the (future) event horizon, 
and no radiation originates at spatial infinity. 

Asymptotic de Sitter spacetimes: 

The generalized Regge- Wheeler potential decays expo- 
nentially near the two - event and cosmological - hori- 
zons i. e., 

y[r(a;)] "^li^ °° exp (2Kha;) ; l^[r(a;)] exp (-2|Kc|a;) • 

(28) 

As in the case of asymptotically flat spacetimc, the solu- 
tion near the two boundary points is a superposition of 
plane-waves (26) and hence, the boundary conditions are 
same as that of asymptotically flat space (27). 

Physically, the boundary conditions mean that no 
classical radiation emerge from the event and cosmolog- 
ical horizons. 

Asymptotic anti-de Sitter spacetimes: 

The generalized Regge- Wheeler potential decays ex- 
ponentially in the event horizon, however the potential 
grows at spatial infinity: 

V[r{x)] exp(2«,a;) ; V[r{x)] '(29) 

where at spatial infinity x goes as 

X xo and = D + 1 . (30) 

r 

[Even though, this is a standard result and can be found 
in other references (see, for instance, Ref. [52]), we have 
given the relevant steps in Appendix (A) for complete- 
ness.] Thus, the general solution to Eq. (22) near the 
two boundary points is given by 

R[r{x)] ^ cxp{iu!x) + C2 exp{—iu!x) (31) 

" C+{xo - x)-^ + C+{xo - a;)*+i . (32) 

QNM boundary condition corresponds to 

= =^ R(x) - 6*'^"= as a; ^ -00 (33a) 
Ci+ = => R{x) ~ as x^xq. (33b) 

Physically, the boundary conditions mean that no classi- 
cal radiation emerge from the (future) event horizon, and 
modes reflect at the spatial boundary. It is necessary to 
have a reflecting boundary conditions for the following 
reasons: (i) The perturbation equation (22) is obtained 
from the first order perturbation theory implying that 
the stress-tensor of the perturbation is small compared 



to the background. If 7^ 0, then this assumption is 
violated and leads to inconsistency, (ii) To the linear or- 
der, the perturbations conserve energy-momentum. The 
exponential growth of the modes would violate energy 
conservation [53]. 



IV. NUMERICAL RESULTS AND 
MONODROMY TECHNIQUE 

In this section, we briefly discuss the numerical results 
of the asymptotic QNM frequencies. We also briefly dis- 
cuss the monodromy technique which has proven to be 
useful to analytically calculate asymptotic QNM frequen- 
cies. 



A. Numerical results 

As mentioned earlier, the perturbation equation (22) 
cannot be solved exactly and one has to resort to approxi- 
mation methods to obtain analytical results for QNM fre- 
quencies. Broadly, the analytical/numerical approaches 
in obtaining the QNM frequencies can be classified into 
four categories: (i) Approximating the Regge- Wheeler 
potential with some simple functions to obtain the exact 
QNM frequencies, (ii) Solving the perturbation equa- 
tion iteratively by using the well-known techniques like 
WKB or Born approximation (iii) Continued fraction 
technique, (iv) Monodromy technique. (For an excel- 
lent review of the above techniques, see Ref. [1].) It is 
needless to say that nearly all of these approaches have 
their own limitations; certain analytical techniques are 
useful in certain QNM frequency range while certain oth- 
ers techniques for certain other ranges. For instance, the 
monodromy technique - which is of our interest in this 
work - has proven to be useful for obtaining asymptotic 
QNM frequencies. 

The numerical results for asymptotic QNM fre- 
quencies have been obtained by various authors fol- 
lowing Nollert's seminal result [7] for 4-dimensional 
Schwarzschild. Nollert's results have been extended 
to other dimensions by Cardoso and his collaborators 
[25, 54] (see also Ref. [55]). In the case of asymptotic 
AdS spacetimes, the first numerical calculation was done 
by Horowitz and Hubeny [4] for 4, 5 and 7-dimensional 
Schwarzschild- AdS black holes in the large black hole 
limit. Their results have been extended by host of other 
authors for large, intermediate and small black hole lim- 
its [24, 26, 56, 57]. For the asymptotic dS spacetimes, 
the numerical results are obtained for Schwarzschild-de 
Sitter spacetime by various authors [58-61]. 

Broadly, two classes have emerged from these numeri- 
cal results: 

1. For the asymptotically flat and de Sitter space- 
times, the numerical results for the high-frequency 
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QNMs indicate that 



(34) 



2. For the asymptotically Anti-de Sitter spacetimes, 
the numerical results for the high-frequency QNMs 
indicate that 



QNM I 



(35) 



In the previous section, we showed that the QNM 
boundary conditions for the asymptotic flat and dc Sit- 
ter spacetimes are identical, however, it is different in the 
case of asymptotic Anti-de Sitter spacetimes. Using the 
numerical results and the boundary condition, it is easy 
to note the following: The structure of the asymptotic 
QNM frequencies crucially depend on the choice of the 
boundary conditions. 

In Sec. (VI), wc obtain the high QNM frequencies 
for the three cases. Unlike the earlier analyses, we treat 
asymptotically flat and de Sitter spacetimes in a unified 
manner, while the asymptotically anti-de Sitter space- 
time is considered separately. 



B. Monodromy technique 

QNMs are damped modes whose frequencies are com- 
plex. This implies that the QNM frequencies will 
have positive imaginary parts. It follows that each 
QNM eigenfunction exp(ia;„t)i?[r(x)] (for instance, in the 
asymptotically flat spacctimc) will grow/decay exponen- 
tially both towards infinity and at the horizon. Thus, 
as the QNM mode traces from the horizon to infinity 
the modes can grow exponentially within a small region. 
In other words, the modes which are exponentially sup- 
pressed in a region can grow exponentially in the nearby 
region^. This implies that analytical/numerical tech- 
niques require exponential precision. Monodromy tech- 
nique has proved to be a powerful and flexible approach 
in obtaining the high frequency QNMs. 

Monodromy technique has five key steps: 

1. Analytically continue the QNMs in the complex r 
(or x) plane. 

This allows one to study the properties of these 
modes near the singularity (r = 0). In the mon- 
odromy technique, unlike other techniques, both co 
and X are complex. 

2. Map the QNMs from the real x to the complex ux 
plane. 



Mathematically, this involves finding QNM solu- 
tions to the following differential equation 



d^Rjr) 
d(Lux)^ 



+ 



V{r) 



R{r) = . 



(36) 



Even though, Eqs. (22, 36) look identical, opera- 
tionally they are quite different: Firstly, a; is a com- 
plex number and hence the independent variable lux 
is complex even if x is purely real. Secondly, since 
the independent variable (wx) is complex, the is- 
sues of the existence, uniqueness of solutions [to the 
differential equation (36)] satisfying the boundary 
conditions is non-trivial compared to that of Eq. 
(22). 

In the large asymptotic limit of |a;|, Eq. (36) can 
be approximated to 



d^fl(r) 



-R{r) 



R[ujx] ^ exp(±ia;a;) 



(37) 



Thus, in the high-frequency limit, QNMs can be ap- 
proximated to be the superposition of plane-waves 
in whole of complex ojx plane except at the isolated 
singularities or branch cuts . 

Setting u = uiR + iui, x = XR + ixi, the asymptotic 
modes (26) take the following form: 

iifwa;] ^ exp [± iiojuXR — u^iXj)] 

X Q-x.^[T{ujiiXi +ujixii)] . (38) 

3. Identify the Stokes line, contours in the wx complex 
plane. 

The Stokes lines are defined by the condition 
Q{lux) = ^. Under the condition, Eq. (38) gets 
simplified to 



^ exp [± i{ujiixji — w/x/)] 



(39) 



Thus, all along the Stokes line the modes are oscil- 
lating without any exponentially growing/decaying 
solutions. In the next section, we will show that 
even near the singularity the solutions to Eq. (36) 
are plane waves. 

4. Use the numerical results for the high-frequency 
QNMs to translate the condition for the Stokes line 
in the ux complex plane to a condition in the com- 
plex X plane ^. 



A curve which separates these two regions is referred to as ram- 
ification fine and the two regions separated by the ramification 
line are called ramification regions. In the language of complex 
analysis, these ramification lines are nothing but the branch cuts. 



* The Stokes lines axe multi-valued near the horizon where the 
function x is multi-valued. 

^ It may be worth noting that the monodromy technique requires 
input about the behavior of the asymptotic frequencies from the 
numerical analyses. Without the numerical results, it is not pos- 
sible to analyze the Stokes line in the uix plane. 
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For the asymptotically flat spacctimc, the numer- 
ical results for the asymptotic QNM frequencies 
indicate that "^{oj) 3> 3?(ijj). Thus the condition 
for the Stokes line translates to 3i{x) ~ which is 
nothing but the Anti-Stokes line in the complex x 
manifold. 

5. Identify a closed contour in the complex x plane 
and calculate the monodromy. 

Calculating the monodromy gives the analytical ex- 
pression for the the asymptotic QNM frequencies. 



V. STOKES LINE, CONTOURS AND 
MONODROMY BOUNDARY CONDITIONS 

In the previous section, we discussed main features of 
the monodromy technique. In this section, we obtain the 
Regge- Wheeler potential in the three regimes - singular- 
ity, horizon(s) and spatial infinity - and discuss generic 
properties of the Stokes line, contours and monodromy 
boundary conditions for the three cases. [We refer to the 
conditions in the cox plane as "monodromy" boundary 
conditions.! 



A. Regge-Wheeler potential 

Near the singularity, the asymptotic properties of the 
spacetimcs will not play any role. Hence, for the all the 
three cases, the singularity structure will be identical. As 
mentioned earlier, we assume that near the singularity 
the line-element is given by Szekeres-Iyer metric. The 
generalized Regge-Wheeler potential near the singularity 
is 



r^O qD fqD \ 4 l-T^-l") -1 



f-1 



where 



• 1^ 1 



(40) 



(41) 



Substituting the potential in Eq. (22), we get (cf. Ref. 
[62], p. 362) 



R{x) \/2'KU)xJi {u>x) + A_ \/2nujxJ_ i {u>x) , (42) 

where the quantities are the Bessel functions of order 
11. Using the asymptotic behavior of the Bessel functions 
(cf. Ref. [62], p. 364) 



lim J^{z) 

\z\—^oo 



COS 



1 



1 



(43) 



we get 



where 



V2mJxJ_j_i (ux) ^ 2 cos {ux — a±) , 



a± 



Thus, the asymptotic form of R is 



R{x) ~ (A+e*"+ + 
_e 



{A+e-'"+ + A.e-'"-) e"^=' 



(44) 



(45) 



(46) 



Near the horizons, the Regge-Wheeler potential decays 
exponentially [cf. Eqs. (25,28)]. Hence, the mode func- 
tion R{x) is a superposition of plane waves. 

Near the spatial infinity, the potential decays (grows) 
for the asymptotically flat (anti-de Sitter) spacctimes. 
Hence, the mode function R{x) is a superposition of plane 
waves (exponentially decaying/growing solutions). 



B. Stokes line 

In the monodromy technique, unlike the canonical 
techniques, we need to obtain solution to the differential 
equation (36) in the complex plane. Thus, the canonical 
boundary conditions which were defined on the bound- 
ary points in the x-line have to be redefined in the cox 
complex. In other words, the canonical boundary con- 
ditions (in X line) need to be mapped to the boundary 
conditions on the lox curve. 

There is no unique choice for the lox curve. In this 
work, we will assume uix to be along the Stokes line i. e. 
3(ti).x) = 0. There are couple of reasons for this choice: 
Firstly, all along this curve the QNM solutions (e^*'^^) 
are purely oscillating and do not contain any exponen- 
tially growing/ decaying modes. Secondly, using the nu- 
merical results of the asymptotic QNM frequencies, the 
Stokes-line condition in the u>x plane can be transformed 
onto a condition in the x plane. In the case of asymptot- 
ically flat and de Sitter cases, the Stokes line condition 
translates to 3?(.x) ~ [16] while for asymptotically anti- 
de Sitter spacetimes, the Stokes line condition translates 
to Sj(exp[j7r/3]x) = [63]. 

In the rest of this subsection, we discuss the generic 
properties of the Stokes line near the singularity and 
asymptotic infinity. 

Near the generic singularity: 

Using the relation (7), between x and r, near the 
generic singularity, and setting 

r = pe'^ where p,een, (47) 

the Stokes line condition take the following simple form: 



tan I — 



- argw 



q _i r 1 mrq 
--tan [argw]-F — , 



(48) 
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where n is an integer. This impUes that (i) Near the 
generic singularity, the Stokes line have 2D branches and 
(ii) The angle between adjacent branches arc {TTq/2). 

In order to illustrate these features, we have plotted 
the Stokes lines for the three cases in Figs. (1,2,3). 

Near the spatial infinity /cosmological horizon: 



For the asymptotic flat spacctimcs, using the fact that 
a; ~ r (near the spatial infinity), it is easy to see that the 
Stokes line diverges to infinity. 

For the asymptotic de Sitter spacctimcs, using the fact 
that a; ~ 1/r it is easy to see that the Stokes line cross the 
real axis. Thus, the Stokes line forms a closed contour. 

For the asymptotic anti-de Sitter spacctimc. using the 
fact that X is not purely real (in the asymptotic limit) it 
is easy to see that Stokes line do not cross the real axis. 
In fact, the angle the Stokes line makes w.r.t the real axis 
is 7r/3^. It is also easy to see that the Stokes line do not 
close in this case. 

Note that the above arguments are generic and depend 
only on the asymptotic properties of the spacetime. Fur- 
ther, as noted at the end of Sec. (IV A), the difference 
in the Stokes lines for the asymptotic de Sitter/flat and 
anti-de Sitter confirms that the structure of the asymp- 
totic QNM frequencies crucially depend on the choice of 
the boundary conditions. 



C. Contours and monodromy 

In this subsection, we discuss the choice of contours 
(to calculate the monodromy) for all the three cases. All 
along the Stokes lines, the modes are purely oscillating 
plane-waves without any exponentially growing or 
decaying solutions. This property of the Stokcs-lincs is 
useful to obtain the monodromy around a closed contour 
for the mode function. Hence, we choose our contours 
to lie as close as possible to the Stokes line. 

Asymptotic flat spacetimes: 

Fig. (1) contains the contour plot for a general {D + 
2)— dimensional single-horizon, asymptotically flat spher- 
ically symmetric spacetimes. Near the singularity, the 
Stokes lines have 2D branches. Out of these, two 
branches (1 and 1') of the Stokes line go aromid the 
event horizon (r/j) and form a closed contour. Two other 
branches (2 and 2') which extend up to infinity do not 
form a closed contour. [Points A, A' correspond to the 



Using the fact that Stokes hne condition can be rewritten as 
Q(exp[i7r/3]x) = and setting x = xoexp{±i6), we get 6 = 
T7r/3. 




FIG. 1: Stokes lines and contour for asymptotically flat space- 
times. 



points at the spatial infinity] Note that the angle be- 
tween 2 and 2' is (37rg/2). 

At the spatial infinity, since the spacetime is flat, the 
WKB solutions to the differential equation (22) are exact 
implying that the; the mode function is a superposition 
of plane- waves. In other words, all along the dotted line 
connecting the points A and A' in Fig. (1), the mode 
functions are superposition of plane- waves. 

We compute the monodromy using two equivalent con- 
tours {1, 1 1). The two contours give different contribu- 
tions to the mode function R{x). While contour / picks 
up the monodromy contribution from the horizons, con- 
tour // picks up a factor from the generic singularity. 
Monodromy contribution from contour / is easy to eval- 
uate while that of contour II is non-trivial and has two 
terms: 

Monodromy of the mode function 

= Factor by which coeff of e^"^^ gets multiplied 
X Monodromy of e'^''^^ . (49) 

We then equate the monodromies obtained from contours 
/ and //. The steps involved in the calculation are dis- 
cussed in detail in Sec. (VI). 

In either case, due to the logarithmic relation between 
r and x [cf. Eq. (10)], the e"'^*'^^ parts of the mode func- 
tion pick up a monodromy. If in the r-plane we perform 
a clockwise rotation around the horizon by 27r, due to 
discontinuity across the branch-cut, we get 

ln(r — rh) ln(r — r^) — 2-Ki x ^ x — — 

Thus, the clock-wise rotation of the plane-wave modes 
in the equivalent contour will acquire the monodromy of 
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the following form: 

Monodromy [cxp(=Fiwa:)] = exp ( =F— ) . (51) 
Asymptotic de Sitter spacetimes: 




FIG. 2: Stokes lines and contour for asymptotically de Sitter 
spacetimes. 

Fig. (2) contains the contour plot for a general {D + 
2)— dimensional single-horizon, asymptotic de Sitter, 
spherically symmetric spacetimes. As in the asymptoti- 
cally flat spacetimes, the Stokes lines have 2D branches 
near the singularity. Out of these, two branches (1 and 
1') of the Stokes line go aroimd the event horizon {rh) 
and form a closed contour. Two other branches (2 and 
2') which extend upto infinity also form a closed con- 
tour. Note that, as in the case of asymptotically flat 
spacetimes, the angle between 2 and 2' is (37r<7/2). In or- 
der to evaluate the; monodromy around the contour this 
is the angle by which we need to deform the contour close 
to the singularity. 

The procedure to compute the monodromy is similar to 
that of the asymptotically flat spacetime case except that 
in this case the monodromy has to evaluated for two - 
event and cosmological horizons. The total monodromy 
of the mode functions is again given by the relation (49). 

Here again, the monodromy contribution from contour 
/ is easy to evaluate while that of contour // is non-trivial 
[Eqn. (49)] and we equate the two monodromies from 
the two contours. The details are discussed in Sec. (VI). 
In this case, the contours go clockwise around both the 
horizon and the cosmological horizon. Thus, the plane- 
wave modes e^*'^^ pick up the following monodromy term 

Monodromy [exp(=Fiwa;)] = exp ( ip— =p — J . (52) 

Asymptotic Anti-de Sitter spacetimes: 





A' 

/ 

1,^% q . — ^ 




^ 1 





FIG. 3: Stokes lines and contour for asymptotically Anti-de 
Sitter spacetimes. 



Fig. (3) contains the contour plot for a general {D + 
2)— dimensional single-horizon, asymptotic anti-de Sit- 
ter, spherically symmetric spacetimes. As in the pre- 
vious two cases, the Stokes lines have 2D branches near 
the singularity. Utilizing the multi-valuedness of the tor- 
toise coordinate near the horizon, we choose the Stokes 
line from the horizon to join one branch (!') of the Stokes 
line from the origin. Another branch (1), from the origin, 
is chosen to extend upto infinity. 

Unlike the previous two cases, even one of the Stokes 
line (hence contour) do not close. Note that the angle 
between 1 and 1' is {■Kq/2). This is the angle by which 
we need to deform the contour close to the singularity. 

Since the contour does not close, we can not use the 
monodromy technique. In this case, we obtain the high- 
frequency QNM by matching the asymptotic solutions 
with the exact solutions in the limit of wa; — to ± oo. 



D. Monodromy boundary conditions 

For highly damped modes, 

X ±oo => ux — > ±ioo . (53) 

Thus, the boundary points in the real x-line are purely 
imaginary in the lux plane [points A, B in Figs. (1,2)]. Us- 
ing the fact that the "canonical" boundary conditions are 
identical for the asymptotically flat and de Sitter space- 
times and that the contours are similar for the two cases. 
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the "monodromy" boundary conditions are given by^ 



R{x) ~ e 



wx ±00 3?(w) > 
cox =Foo < 



(54) 



In the case of asymptotic anti-dc Sitter spacetimes, it is 
not possible to map the "canonical" boundary conditions 
on to the wx plane. 



VI. COMPUTING THE ASYMPTOTIC QN 
FREQUENCIES 

In this section, we compute the asymptotic QN fre- 
quencies for the general (D + 2)-dimensional spherically 
symmetric spacetimes . In the following subsection, us- 
ing the monodromy technique, wc compute the high fre- 
quency QNMs for the asymptotically flat and de Sitter 
spacetimes in a unified manner . In the last subsection, 
we obtain the high QNM frequencies for the asymptotic 
anti-de Sitter spacetimes. 



A. Asymptotic flat and de Sitter spacetimes 

We first compute the monodromy contribution from 
contour //. In order to do that, we follow the con- 
tour from the negative imaginary axis (A) to the positive 
imaginary axis {A') - by passing through the points B 
and B' - and come back to A. 

The mode function R{x) at A is given by (46). In the 
case of asymptotically flat spacetimes, as in the previous 
analyses, it is possible to fix the constants - by apply- 
ing the boundary conditions (54) - before calculating the 
monodromy. However, we would like to follow a differ- 
ent procedure: we apply the boundary conditions after 
calculating the monodromy. In this way, it is possible to 
obtain the high-frequency QNMs for the asymptotic flat 
and de Sitter spacetimes in a unified manner. 

At B, the mode function R{x) is given by (42). To 
obtain the mode function R{x) at B', we need to deform 
the contour close to the singularity (in the r-plane) by 
an angle {'3nq/2) . Using Eq. (7), this translates to a 
rotation by an angle (37rg'/2) x (2/g) = Stt in the x plane 



Using the relation 



we get 



_{u;x') 



'lJxJ^i (lux) . 



(55) 



(56) 



There are some subtleties involved in defining the boundary con- 
dition at the spatial infinity. See Ref. [16]. 



Thus, the mode function R{x) at B' is given by 

R{x) ^ A+V2ir(jx exp{i6a+)J i{ujx) 

+ A-\/l'KU)x exp(i6a_) J_i(a;a;) . (57) 

Using the asymptotic expansion (43), the mode function 
at A' is given by 



R{x) ~ (A+e 



5ia-|- 



e 



5ia- 



7ia-|- _|_ ^ioL- 



(58) 



As wc go along the closed contour from B to A, the 
"new" mode function (58) is different compared to the 
original mode function (46). The coeflicients of e^'"'^ in 
the mode function R(x) are different by a factor 



A. 



A+e^"+ +A_e^' 



and 



7ia- 



(59) 



respectively. 

The monodromics of the components e^f^^: .^^^.^ given 
by Eqs. (51,52). In order to compute the monodromy 
contribution from contour /, we notice that the contour 
passes close to the horizon and the cosmological horizon. 
There, the mode functions are purely ingoing and outgo- 
ing functions, e^'^^ and e~*"^ respectively. Therefore, the 
monodromy of the mode function is the monodromy of 
e'"^ at the horizon and that of e~'^'^^ at the cosmological 
horizon. The total monodromy is 

asymptotic de Sitter : exp 



Truj{ ) 



asymptotic flat : exp 



(60) 

(61) 



Substituting expressions (51,52,59,60,61) in Eq. (49), we 
get, for asymptotic de Sitter spacetimes 



A+e 



5m -f 



A+eJ^ 



= e 



A+e-*"+ + A_e- 



(62a) 
(62b) 



[For completeness, wc have given the detailed derivation 
of the above result in Appendix (B).] 

In order to obtain the asymptotically flat results, we 
set Kc 0~ ■ Eqn. (62a) is independent of Kc and re- 
mains unaffected. The RHS of (62b) either grows or de- 
cays exponentially depending on whether 3f?(w) is posi- 
tive or negative. Thus, for the asymptotically flat case, 
we obtain 



A+e 



A 



+ e 



»«+ -I- A. 



A+e""++A. 



= e "ft , (63a) 

= (3?(w) > 0), (63b) 
= (K(a;) < 0). (63c) 



Note that the constraint (63b) is same as that obtained in 
Ref. [16]. However, the constraint we obtain in Eq. (63c) 
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is new. As we will see below, this constraint gives the 
correct asymptotic QNM frequency with ^(wqnm) < 0. 
In all the earlier analysis, in order to obtain the second 
set of asymptotic QNM frequencies {^{loqnm) < 0), the 
authors run the contour in the opposite direction. In our 
formalism, this emerges naturally. 

Eliminating A^, A_ from (62,63), we obtain the ex- 
pression for the asymptotic QNM frequencies for the two 
cases: 



First, we match the asymptotic and exact mode func- 
tion at spatial infinity by going along branch 1. The ex- 
act mode functions at point B' is given by Eq. (42). The 
asymptotic limit corresponding to point A' i. e. wa; — > oo 
is given by Eq. (46). 

The exact mode function at spatial infinity A' is given 
by Eq. (AlO). Using the relations [cf. Ref. [62]] 



tan2 -1 



, (64) 



/ 2 \ 1/2 

Uz) ^ (^-j cos(z-^-J 



(67) 



(asymptotic de Sitter spacetimes) 

'w{qD-2) 



Jn+l/2{z) 



1/2 



^n-l-1/2 



zdz 



sm z 



= (2n + l)iTv± log 



1 + 2 cos 



(65) 



(asymptotically flat spacetimes) 



We would like to stress the following points regarding 

the above results: First, the above results are valid for 
a single event-horizon, spherically symmetric spacetimes 
which are asymptotically flat and de Sitter. Second, we 
have obtained the asymptotic QNM frequencies for the 
two cases in a unified manner. Third, the expression 
for the asymptotic de Sitter spacetimes unlike the flat 
spacetime - is transcendental, hence it is not possible to 
obtain solutions uniquely. Fourth, in the case of asymp- 
totic de Sitter spacetimes our result matches with that of 
Natario and Schiappa [40] for the specific case qD = 2. 
Fifth, in the limit of Kc ^ 0~ , Eq. (64) gives the expres- 
sion for the asymptotically flat spacetimes (65). In the 
limit of ^ 0+ , Eq. (64) gives 



1 



5^ = -— ln(3)±i 



+ n 



(66) 



which is not the same for the exact de Sitter. As shown 
earlier [40], the asymptotic de Sitter limit does not pro- 
vide the correct limit for pure de Sitter. Lastly, in the 
case of asymptotically flat spacetimes, even though the 
condition (63c) is different compared to that obtained 
in the earlier analyses, the expression for the high QNM 
frequencies are exactly the same. 



B. Asymptotic Anti-de Sitter spacetimes 

In this case we can not calculate the monodromy, since 
the Stokes line do not form a closed contour. Instead, we 
do the following: We calculate the exact mode function 
near the generic singularity {B'), horizon (r/j) and spatial 
infinity {A'). We find the asymptotic limit of the modes 
along the branches 1 and 1'. [Note that the asymptotic 
limit corresponding to — > oo corresponds to spatial 
infinity while ujx — oo corresponds to the event hori- 
zon.] Matching the asymptotic solutions with the exact 
solutions at A' and r/i, we obtain the analytic expression 
for the high QNM frequencies. [We follow the notation 
of Ref. [40] closely to provide easy comparison.] 



(for odd and even dimensions respectively), Eq. (AlO) 
can be rewritten as 

R{x) = B+ [e-*/'+e''^^oe-''^^ + e'/'+e-''^^°e''"^] , (68) 

where 

/3+ = |(l+joo) . (69) 

Comparing the coefficients of e^*"^^ in the expressions 
(46, 68), we get the first constraint equation: 



A+e 



A_e" 



g-i/3+giwxo 
gi/3-l- g— iojxo 



(70) 



Having obtained the first constraint, our next step is 
to match the exact and asymptotic modes at the horizon 
by going along the branch 1'. In order to do that, we 
need to know the exact mode function at B. To obtain 
the mode function R{x) at B, we need to deform the 
contour close to the singularity (in the r-plane) by an 
angle (—775/2) . Prom (7), this translates to a rotation 
by an angle {—TTq/2) x {2/q) = — tt in the x plane i.e. 
X ^ x' = e/'^'^x. Using the relation (55), we get 



R{x) ~ A+V2ttujx exp{—i3a+)Ji{ijjx) 

+ A-y/2mJxexp{—i3a-)J_i{ujx). (71) 

The asymptotic limit of the above mode functions (cor- 
responding to Vfi) reduces to the following simple form: 



R{x) ~ {A+e- 



-3ia 



+ 



A^e 
+ +A_e~ 



■) e*"^. 



(72) 



Comparing the coefficients of e^'^^'^ in the expressions 
(33a, 72), we get the second constraint equation: 



A+e 



A. 



0. 



(73) 



Eliminating A+, A_ from (70,73), we obtain the analyt- 
ical expression for the asymptotic QNM frequencies for 
the asymptotic anti-de Sitter spacetimes: 



TT 

'^qnmXq = - I 2n- 



I> + 3\ z, 
^ -2^°S 



2 cos 



TT {qD - 2) 



(74) 
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[For continuity, we have given the detailed derivation of 
the above result in Appendix (B).] 

We would like to stress the following points regarding 
the above result: First, the above result is valid for a 
general, single-horizon spherically symmetric asymptotic 
anti-de Sitter spacetimes. Second, unlike the asymptotic 
flat spacetime, the high QNM frequencies has no generic 
features. This is because xq is a arbitrary complex num- 
ber which depends on the properties of the spacetime. 
Third, LJ^^f^Xo is purely real when qD = 10/3. In the 
case of = 2, g = 1, we get 



■'QNM 



1 

"+4 



2 log 2 



(75) 



Lastly and more importantly, it is clear from the above 
expression that the real and imaginary parts of the QNM 
frequency are of similar order unlike the asymptotic 
flat/de Sitter cases. 



VII. APPLICATION TO SPECIFIC BLACK 
HOLES 

In the previous section, we obtained master equations 
for the high frequency QNM for a spherically symmetric 
black hole with a generic singularity with three differ- 
ent asymptotic properties. As we have shown, the real 
part of the high frequency QNM is not necessarily pro- 
portional to ln(3) as in the case of {D + 2)-dimensional 
Schwarzschild. In order to illustrate this fact, we take 
specific examples and obtain their QNM. 



A. (L* -|- 2)— dimensional Schwarzschild-de Sitter 

In the case of [D + 2)— dimensional Schwarzschild- 
de Sitter, the functions f{r),g{r) and p(r) in the line- 
element (2) are given by 

f{r)=g{r) = l-[^y~\'^; p{r)=r, (76) 

where rh is related to the black hole mass (M) and the 
{D + 2)— dimensional cosmological constant A. 
Comparing Eqs. (6,76), we get 



1-^ 2 , , 

p = — f;— ; 9 = 7^; a; = — , (77) 



J 



D ' D 

Substituting the above expressions Eq. (64), we get 

tanh {-Ki^Q^^ /Kh) tanh {ttoJq^^ /k^) = -2. (78) 

The above expression matches with that obtained by the 
previous authors [40]. 



B. (D -|- 2)— dimensional Schwarzschild Anti-de 
Sitter 

In the case of (£> + 2)— dimensional Schwarzschild anti- 
de Sitter, the functions f{r),g{r) and p(r) in the fine- 
element (2) are given by 



/(r)=3(r) = l-(^) 



D-l 



--p-^p{r)=r, (79) 



where rt is related to the black hole mass (M) and the 
{D + 2)— dimensional cosmological constant. 

Near the singularity, the structure of the metric is same 
as that of the Schwarzschild-de Sitter. Thus, near the 
singularity the expressions remain the same [cf. (77)]. 

Substituting the above expressions Eq. (74), we get 



^qnmXo = -[2n + 



D 



±^\-'-\og{2). (80) 



Even though the above expression is valid of 
Schwarzschild-anti de Sitter black holes it is, in 
general, not possible to obtain a explicit expression for 
the Xq since it is a complicated function of M and 
It is possible to obtain a closed expression of .tq only in 
the large black hole limit (horizon radius/i! <C 1): 



xo = 



TT exp[— ztt/ {D + 1)] 
2Kh sin[-i7r/(L' + 1)] 



(81) 



C. Non-rotating BTZ black hole 

The line-element of the 3-dimensional non-rotating 
BTZ black hole [64] is 

(82) 

where M is the mass of the black hole and (."^ is related 
to the negative 3-d cosmological constant. The above 
solution has an event horizon at i\fM while there is no 
singularity at the origin. 

Even though the BTZ line-element does not have a 
singularity at the origin, it is possible to compare the 
line-element with that of the generic singularity (5). We 
get 

p = 0; g = 2; a;~r. (83) 
Substituting the above expressions in Eq. (74), we get 

log 2 



QNM 



= -2i^/M{n + l) + ■ 



(84) 



The real part in the RHS of the above expression does 
not match with that of the earlier analyses (cf. Ref. [36]). 
In all the earlier analyses, the real part is equal to I (con- 
stant). 
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The reason for the discrepancy is as follows: (i) Our 
analysis, rests on the fact that the spacetimc has a sin- 
gularity at the origin. However, the BTZ black hole does 
not have a singularity, (ii) For BTZ p — q + 2 = 0, hence 
the second condition in Eq. (24) is violated. This im- 
plies that the near the origin, the dominant term in the 
Regge- Wheeler potential is not given by Eq. (40) and by 
the following expression: 



V[rix)] 



(85) 



These suggest that the naive application of our formalism 
does not work. 



VIII. DISCUSSION AND CONCLUSION 

In this work, we have computed the high frequency 
QNMs for scalar perturbations of spherically symmet- 
ric single horizons in {D + 2)— dimensional - asymptoti- 
cally flat, de Sitter and anti-de Sitter spacetimes. We 
have computed these modes using the monodromy ap- 
proach [16]. In all the three cases, we have shown that 
the asymptotic frequency of these modes depends on the 
surface gravity of the event horizon (k/i), the cosmologi- 
cal constant (A), dimension (D) and the power-law index 
{q) of near the singularity. 

Unlike the earlier analyses, we have computed the high- 
frequency QNMs for the asymptotically flat and de Sitter 
spacetimes in a unified manner. We have shown that: (i) 
In the case of asymptotic flat spacetimes, the real part of 
the high frequency modes has a logarithmic dependence, 
although the argument of the logarithm is not necessar- 
ily an integer, (ii) In the case of asymptotic non-flat 
spacetimes, the real part of the high-frequency modes, 
in general, do not have a lograthmic dependence. We 
have also applied our results to specific examples. In the 
case of {D + 2)— dimensional Schwarzschild de Sitter and 
anti-de Sitter spacetimes, our results match with that of 
Natario and Schiappa [40]. However, the naive applica- 
tion of our formalism does not work for the non-rotating 
BTZ black hole. This is due to the fact that the BTZ 
black hole is non-singular at the center. 

The analysis differs from that of the earlier analyzes in 
two ways: Firstly, using our analyis, a universal feature 
seems to emerge on the dependence of the high QNM 
frequencies. It is clear from Eqs. (64, 65, 74) that the 
asymptotic QNM frequencies depend on the power-law 
index q and not p. More importantly, the high QNM fre- 
quencies seem to have universal dependence of the form 
{Dq — 2)/2. Such a feature does not emerge from the 
previous analyses especially from that of Natario and 
Schiappa [40]. Secondly, our analysis can be extended 
to the time-dependent black- holes. In such a case, the 
generalized Regge- Wheeler potential (23) will be time- 
depedent. Recently, Xue etal [55] have numerically ob- 
tained the QNM frequencies for 4D Schwarzschild. They 
showed that the QNM frequencies change due to the 



time-depedence. It will be interesting to analyze their 
results for the generic spherically symmetric space-times. 

In the light of the above results, let us re-examine 
Hod's conjecture, which rests on the fact that black hole 
entropy S bh is equispaced and the number of black hole 
states f2 = exp(5sij) is an integer. Consider the adia- 
batic invariant: 



1 = 



dE 

^QNM 



(86) 



In the case of flat spacetimes, it turned out generically 
that ujQNM oc Th [I] - From this and the first law of black 
hole thermodynamics, one obtains: 



I oc Sbh 



(87) 



where Sbh is the black hole entropy. Since adiabatic in- 
variants are supposed to be equispaced, it follows that 
Sbh oc n, an integer. Further, if the proportionality 
constant is of the form In(interger), then CI is an in- 
teger. In case of asymptotically de Sitter spacetimes 
however, there is no closed form algebraic expression for 
the asymptotic QNM frequencies. Thus, it is not clear 
whether Sbh is equispaced, and the degeneracy an in- 
teger. For asymptotically anti-de Sitter spacetimes, al- 
though ojQNM can be expressed in a closed form, the 
latter depends on the undetermined quantity Xq. Hence, 
once again, it seems unlikely that Sbh is equispaced and 
Q an integer. Thus, it appears that properties which 
held for asymptotically flat spacetimes, may no longer 
hold under more general circumstances. 

In order for the asymptotic QNM frequencies to be 
related to the black hole entropy, the following quantity 
needs to be an adiabatic invariant (see, for example, Ref. 
[10]): 



dE 

<JJQNM 



The crucial ingredient in order to show that / is an adia- 
batic invariant is ^{i^qnm) ^h- Although it is straight 
forward to show that I is indeed an adiabatic invariant 
in the case of asymptotic flat spacetimes, however it is 
far from obvious (and in the worst scenario, not true,) for 
the asymptotic non-flat spacetimes. In the case of asymp- 
totic de Sitter spacetimes since there is no algebraic so- 
lution for the asymptotic QNM frequencies, it is not pos- 
sible to show that / is an adiabatic invariant. In the case 
of asymptotic anti-de Sitter spacetimes, althought the al- 
gebraic structure exists the asymptotic modes crucially 
depend on the form of Xq (whose form is not known), 
hence it is again not possible to show, in general, / is an 
adiabatic invariant. 

Thus, in the case of asymptotically non-flat space- 
times, using high-frequency QNMs it is not possible to 
confirm Bekenstein's conjecture that horizon area is an 
adiabatic invariant implying that the Hod's conjecture 
may be restrictive. 
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APPENDIX A: ASYMPTOTIC ADS SOLUTIONS 

In this appendix, we obtain the solution to the Regge- 
Wheeler equation (22) for the asymptotic AdS space- 
times. We follow closely the approach given by Ref. [52]. 
For these spacetimes, we have /(r) = g{r) and p(r) = r. 

Substituting the Regge- Wheeler potential (29) in Eq. 
(22), we get, 



R{x) Bj^\/2TTUj{xn — x)Jjoo {uj{xn — x)) 

+ B-y/2'KU)(xn — x)J Joo {uj{xv, — x)) , (Al) 

where B± are the constants of integration determined by 
the boundary conditions and the quantities are the 
Bessel functions of order /i. Using the Bessel form for 
small arguments [cf. Ref. [62], p. 360] 



J^(x) '^x" as a; ^ (A2) 

we get 

^/w{xo - x)J_i^ [u){xq - x)] ^ {xo - x)~^ —>■ oo 
y/cJ(x^^^Jis^ [u){xo -x)]^0. (A3) 



and r is understood to be r(r). In the spatial infinity 
(/(r) ~ \A\r^), we get 



V{r) 



(D + lf 



(A7) 



It is easy to note that Regge- Wheeler potential is posi- 
tive definite at infinity leading to a pair of exponential 
solutions: 



i?(f) exp ( ±^-^-^f 



(A8) 



Using (A4), we get. 



D_ ' 

T 2 

R{r) C+r^ + C2+r-(*+i) . (A9) 

The last expression is identical to Eq. (32) in Sec. (IIIB). 

= (which also implies B_ = 0) corresponds to the 
reflection boundary conditions. Thus, the exact mode 
function at spatial infinity with the reflection boundary 
condition is given by 



R{x) ~ B+^j2'Kuj{xo - x)Jjoo {uj{xo - x)) (AlO) 



APPENDIX B: CALCULATIONS 



Thus, in the spatial infinity, one of the mode function 
blows up while the other decays. 

In order to see things more transparently, let us per- 
form a coordinate transformation such that the Regge- 
Whceler potential remains finite at infinity. Introducing 
the following transformation: 



r = log(r - ru) , R{r) 
we get 



s/1 



■R{f) 



djR{f) - V[r{f)]R{f) = , 



(A4) 



(A5) 



where 



V{r) 



{r^rnf ^ ^ {r - mf I {I + D - I) 



P 



rfr 



fr 



f 



(A6) 



In this appendix, we outline the essential steps leading 
to the master equations (65, 64, 74). 



1. Asymptotic flat and de Sitter spacetimes 

Substituting expressions (51,52,59,60,61) in Eq. (49), 
for the asymptotic de Sitter and asymptotic flat space- 
times, we get, 



A+e-*"+ -I- A-e-'° 



xe ^"h^'^c' 



xe "c' 



e ^"h '^c' (Bl) 



Trijji— —) /T^^\ 

e ^"h •'o' (B2) 



Simplifying the above expressions we get (62). 

Eliminating A± in Eq. (62), for the asymptotic de 
Sitter spacetimes, we get 
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e e 



e 



e 

e -^c e' 



h e 

Aicx. 



2ia+ _ g„^g-2ia+ g" 



+ - e 



-4ia 



+ e "c e' 



2ia_ 



— e 



e e 



-2ia- 
-4?a_ 



0,(B3) 



which leads to 

sinh(^-f (1+,)^ sinhr^-f (1-..,^^ 

sinh + iTT (1 + j)J sinh + (1 - j)^ 

(B4) 

Using properties of hyperbolic functions, wo obtain the 
master equation for the asymptotic de Sitter spacetimes 
(64). 

Eliminating A± in Eq. (63), for the asymptotic flat 
spacetimes, we get 



g5ia+ _ g gja+ gSia- 



e ''h e" 



= (B6) 



for the two cases. Simplifying the above expression, we 
obtain the master equation for the asymptotic flat space- 
times (65). 



2. Asymptotic anti-de Sitter spacetimes 



2^™ . 2ju^ . 

^5ia+ _ g e*"+ e — e e*' 

g-ia+ g-ia_ 



0, (B5) 



EUminating A+, A_ from (70,73), we get 



-i(a++/3-|_— oixo) i(a_+/3_|_— wxo) _ „— i(a- +/3+— oixq) 



e 

3ia_ 



= 



sin (a+ + /?+ — wxo) sin (a_ + /3+ — wxo) 



= 0. 



Simplifying, we get, Using properties of hyperbolic functions, we get the mas- 

ter equation for the asymptotic anti-de Sitter spacetimes 

UJXQ='-+ /3+ - itanh-^ | ;"7;3VA 1 (B7) 
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